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I. INTRODUCTION 

Much effort has been devoted in recent years to fully understand the consequences as 
well as the mathematical subtleties of the Aharonov-Bohm (AB) effect [0]. The motivations 
range from different areas as low dimensional condensed matter physics (e.g. in the study 
of anyons) [Q] to cosmic string models |Q and have both experimental |Q and theoretical 
overtones. The conceptual aspects are not less interesting as we briefly illustrate. Basically 
due to the use of different boundary conditions, to achieve accordance between the exact and 
the perturbative calculations in the case of spin zero particles, it was necessary to include 
in the perturbative method a contact delta like interaction. In 2+1 dimensions, within the 
Chern-Simons P] field theory approach, it was shown that the contact interaction may be 
simulated by a quartic self-interaction of the matter field, with a coupling tuned to eliminate 
divergences and restore the conformal invariance of the tree approximation [^. For the 
scattering of two spin up fermions it was verified [0 that an additional self-interaction was 
not needed since its role was provided by Pauli's magnetic term. However, if the fermions 
had anti-parallel spins the effect of the magnetic interaction canceled and a divergence 
showed up. These problems were studied in a relativistic quantum field theory approach 
P,|^. Differently from the non-relativistic calculations previously mentioned, without any 
additional hypothesis, the scattering amplitudes are finite for both parallel and anti-parallel 
spin fermions ^. 

In this paper we extend these investigations by considering the AB scattering of spin 
1/2 particles by an external flux tube, directly in 3+1 dimensions. We calculate the elastic 
cross section, in first order Born approximation in the AB potential, including radiative 
corrections up to order a. The second order Born approximation is also calculated and 
found to vanish. Infrared divergences of the elastic cross section, are eliminated from the 
observable scattering process by considering the "inclusive" cross section, which besides the 
elastic process, also incorporates soft photon bremsstrahlung contributions. The discussion 
of vacuum polarization effects allows us to correct the original AB potential, showing a 



screening of the magnetic flux and the induction of a magnetic fleld outside of the original 
flux tube. 

The paper is organized as follows. In Sec. y we introduce the model, calculate the 
flrst order Born approximation including radiative corrections up to order a, calculate the 
second order Born approximation, and the flnite inclusive cross section including soft photon 
bremsstrahlung. In Sec. |T| we obtain, up to the same order, the radiatively corrected AB 
potential, and the induced magnetic fleld outside the flux tube. Some comments are made 
in the Conclusions. 

II. RADIATIVE CORRECTIONS TO THE SCATTERING CROSS SECTION 



Our starting point is the standard Feynman gauge QED Lagrangian WU 



C = i^[^r{^, + lea, + zeA,) - m]ij - -J,,r - \{dX)^ (1) 

where a^{x) is the radiation fleld and A^{x) is the external AB potential (e = — |e| is the 
electron charge). The magnetic flux tube is located at the z-axis, and the AB potential can 
be chosen as (the index t stands for "transverse" to the 2;-axis) 

A'^(x) = (0,lt(ft),0), 



A\xt) = -— e*^-, p = \xt\ = ^^xl + xi ^ 0. (2) 

where $ is the magnetic fluxQ. The AB potential satisfles the Coulomb gauge condition, 
(9Mj = 0, and in cylindrical polar coordinates it reads A^{p) = ^. 

Starting from the Lagrangian (0), there are in principle two ways to proceed: one could 
try to construct the exact Feynman propagator in the background potential (0), and then 



We use natural units {c ^ h ~ 1), and diagg^i/ = (+, — , — , — ). Repeated Greek indices sum from to 3, 
while repeated Latin indices from the beginning and from the middle of the alphabet sum from 1 to 3 and 
from 1 to 2, respectively. The antisymmetric tensor e'^ is normalized such that e^^ = 1. 



evaluate the radiative corrections to the scattering aniphtude, or one can resort to a per- 
turbative calculation both in (3 = ^ and a = |^. In the present paper we will restrict 
ourselves to the second approach. Specifically, we have to calculate the first order Born 
amplitude in P plus radiative corrections up to order a, hereafter designated by Ti and add 
these contributions to the second order Born amplitude in /3, designated by T2 (see figure 
1): 

-iT = -iTi - zT2, 

-^T^ = {-te)u{p',s'){j, + T^{q) + U^,{q^)G'"'{q^)j^}AP{q)u{p,s), (3) 

-iT, = -te'uip', s') J ^ 4{P' - k) Sp{k) 4{k - p) u{p, s). (4) 

Since the scattering process conserves the energy and the z-component of the three- 
momentum we will consider the case of incidence perpendicular to the solenoid. Then, 
in the above expressions p^ = {E,pt,0), s and p'^ = {E,p/,0), s' are the four-momenta 
and helicities of the incident and outgoing electrons, respectively, with \p\ = \p '\ = pt; 
gfj. — ^p' _ p^fi — (^Q^ ^^^ Q-) jg ^Yie momentum transfer from the fiux tube. We choose a refer- 
ence frame in which pt = Pt (cos ^, — sin ^), p/ = pt (cos ^, sin |), and qt = (0, 2pt sin ^). 
Thus ip is the scattering angle {0 < tp < 27r). 

In Eqs. (^ and (Q) Tp{q) is the renormalized one-loop vertex function, to be defined 
later (see Eq. (|15D), 

^pu{q) = -iW 9pu - qpqyj n(g^) (5) 

is the renormalized vacuum polarization tensor, Spik) is the fermion propagator, and 
Gva{q^) = —i Qva {q^ — /i^ + ie)~ is the photon propagator, with an infrared cutoff /i. Ap[q) 
is the Fourier transform of the potential (Q) whose non-vanishing components are 



A\q) = i2nfS{q')5iq')A\q,), 



A\q,)=t^e'^^^^. (6) 

qt +v 

In Eq.(|^) we have introduced an infrared cut-off cut-off 77 to be made zero after the 
calculations. Integrating over ko and ^3 in Eq. (^, and using in the numerator of Spik) 



^ + m = 2m ^ u{k, r)u{k, r), 



(7) 



we obtain 



1T2 = -iM 13 md{pQ - po) d{p^ - pg) d k- 



Pt -h +i(^ 



= i{27Tf6{p'Q - Po) 6{p'^ - p-i)T2 
uj{p' s'; kr) = u{p', s') e*-* 7^ 



^^\^^' u{k,r), 
{pt'-hy + V^ 

with an analogous formula for uj{kr;ps). 

The helicity basis for positive energy solutions of the free Dirac equation is 



(8) 
(9) 



u{k,r) 



IE + m 
2m 



( 



\ 






(10) 



where k^ = {E,kt,0), kt = \k\ and r = ±. The Pauli spinor x(r) can be parametrized in 
spherical polar coordinates as 



Xir) 



V2 



( l\ 



i4> 



6r{+) + 



V J 



V2 (-e-"t'^ 
~^ 1 



3r(-), 



(11) 



where is the azimuthal angle of kt. The normalizations are x^('")x(^') = ^rr' and 
uik^i r) u{k, r') = 6rr'- The helicity basis for u{p, s) and u{p ', s') are constructed in a similar 
way. 

Using Eq. (p!o|) and the similar formula for u{p',s') , uj{p' s'] kr) is given by 

1 1 



uj{p s ]kr) 



2{h+pt)'e-"^sm^'^ 



+i{pt-ktf(e-''"^+e-''''t>)5s'i-r)\. 



6s'r 



(12) 



The result for uj{k r; p s) can be obtained from Eq. (|T2D after some replacements. A straight- 
forward calculation leads to 



T2 =i^—5ss'e '"2 
2m, 



271 



sin(^) sin(^; 



[sin2(^) + z/2][sin2(V^) + z/2]' 



(13) 



where the integration over kt was performed via the theorem of residues, and u = 7]/2pt. 
The remaining angular integral can be done as a contour integration, after introducing the 
variable x = e**^ (this is possible provided r^ — > only at the end): 

.7i"^/5^e ^~ist sin?/' 1 



T2 = i^Sss'e-^'^ 

2712 

T2 {u^0) = 0. 



sin f [costp - 1 - 8z/2 - 8u^] ./ITT' 



(14) 



Eq. ([1^ agrees with the exact result for the scattering amplitude without radiative correc- 
tions, which involves a factor of sin(7r/3) and thus excludes a contribution of order /9^ ||l]|. 
To evaluate Ti, we introduce form factors Fi{q^) and -^2(0'^) for the vertex function as 



TM)=lpFi{<f)-^[lp^lA<fF2{q' 



(15) 



and after some standard manipulations one arrives at 
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7{2,iY5{q')5{q')T, 



l + Fi(g2)-n(g2 



N{s,s') + F2{q^)M^{s,s') 



In -^ + 1 ) (2; coth z — 1) — 2 coth z I d^^ tanh ^ — t tanh - 



111 ,6 

1 / 1 \/Z ^ z 

- + 2\ 1 ^ (-coth --1 

3 V 2sinh2|yV2 2 



(16) 



(17) 



with g^^ = 4:772^ sinh^ | and p ■ p' = m? cosh z. We have also defined the matrix elements 



M3(s, s') = u{p', s') -[71, 72] u{p, s) 



s{ 1 -2e ^"2 cos -sin^ - )5.„/ 



— cos — sm & Os 
m 2 



N{s,s') 



cV 



ip' +p)iqj 





qt 


+ r/2 




„i' 




ir 
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,s', 


sm 





u{p' , s') u{p, s) + M3{s,s') 



(18) 



where we have used the hehcity basis previously defined. 

Using Eq. (0), the AB elastic scattering cross-section is given by 






m 



2ttp 



\T\ 



(1) 



A^JabI 



Fi(g2)-n(g^) + F2(g2)sin2 | 



+ 0(a' 



(19) 



where 






(5„_„/ 



(20) 



AB --f' •""" 2 

is the scattering cross-section in the first order Born approximation P,|Tl|,|l2|. 

As it should, the scattering cross-section up to the order a, Eq. ([19|) , displays helicity 
conservation. The first order Born approximation agrees with the weak fiux limit of the exact 
quantum-mechanical AB scattering cross section of a spin 1/2 fermion given in p,[Tl|,|l^], in 
contrast with the results obtained for spinless particles ||13 . 



Since the electrical form factor Fi becomes infrared divergent as /i — i> 0, it is necessary 
to include the inelastic bremsstrahlung cross-section (see figures le and If) for soft photon 
production in the (photon) energy range u < AE, where AE << E is the typical energy 
resolution of the detector. The calculations go along the same lines as in the Coulomb 
scattering case [jlO|- Since we are only interested in the leading order terms in -^ << 1, 
whenever allowed we shall take the limit E' = E — uo ^ E and \p '\ -^ \p\. With these 



approximations the scattering cross section factorizes in the form (v = ^] 



1 



—— — < z coth z — l)m 



SB 



-- cosh z 



V^^/ab 



7r 



2AE 1 , 1 + v 

\ In 

/i 2v 1 — V 



f sm 



d^- 



'=°'^ I (1 - ■u2^2W^2 _ pQg. X. 
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<■ 



v^ 



(21) 



The finite inclusive AB cross-section is defined by adding Eq.(|T9[) and Eq.(pT 



da 

d^ 



{AE) 



^ da\ 



.#/ab 
(1) / 



da 

dip 



{AE) 



SB 



(22) 



AB 



where Sr is the contribution due to virtual plus real (soft) photon emission, given by 

2a f, , ,/ , 2AE^ z , ., 1 
(5r = — < (1 - -2 coth z) \\ + In j coth z ln(l - v^) 

2/ 1 \( z , z\ \ z .oV' 1,1+f z ^ z 

H — 1 T. — 1 coth ; — sm In 1 — tanh - 

3V 2sinh2 |A 2 1) 2 sinh z 2 1v 1 - 1; 4 2 



1 — V cosh z /"i 



d^ 



2v sin f Jcos ± U2 _ cos2 I 



ln(l + ln(l-0 



(23) 



I - t;^ 1 + t;^ 

As shown in figure 2, we have plotted 5/? for three values of E. In that graph, contributions 
near ?/) = have been omitted since the AB amplitude is not well defined there M . 



III. RADIATIVE CORRECTIONS TO THE AHARONOV-BOHM POTENTIAL 

In this section we shall compute vacuum polarization effects (up to the order a) on 
the renormalized AB potential. In particular, we will show that, as a result of radiative 
corrections, a magnetic field is induced outside the fiux tube. 

Any external electromagnetic potential Ay, is modified due to vacuum polarization effects. 
If this is properly taken into account the effective AB potential (^Ay) becomes 

AM) = {9,x - ^^) A\q) = (1 - n(g^)) A,{q) (24) 

As the origin is a highly singular point in the AB potential (0) , it is convenient to intro- 
duce a regularization which distributes the magnetic flux on the surface of a thin cylindrical 
shell surrounding the origin, similarly as done in [ll|| (B^^q) = (27r)^(5(g°)5(q'^)5), 



A\x,) = -^ e'^ ^ e{p -R)^ A\q,) = 2$ e'^ ^ MRQt), (25) 

ZTT p q^ 

Bsix,) = -^ 5(p - i?) ^ 5(g,) = $ MRqt), (26) 

where R is the radius of the cylindrical shell. As i? ^ we recover the AB potential of Eq. 

(0)- 

^From Eqs. (^), (^) and ( ^5] ) the potential induced by the vacuum polarization reads 

$a ,.• ^ \ r^ , z'^ (_ 1 o\ /■ ,0 ,v/..#, 1 

1-.2 + ^t 



^^'(-^•) = {^.^'^^ r^^ii (^ - V) /^'^^"'^ i^iV^^"^^^*)' ^27) 



with Aq = Ag = 0. In Eq. (p7|) we used the integral representation 



n(g^ 



a 



dz- ^ l-TT^^ 

TT JO 1 — Z^ V O 



4m^ ^2 ' 



(28) 



The integral over d q can be done in polar coordinates [O, with the result 






— G{mp) 
on 



2n~ p2 

roo (I2; 

G{mp) =mp — V2z^Tl loi^mRz) Ki{2mpz). 
Ji z-^ 



(29) 



The results may be translated in terms of an effective flux $(p). In cylindrical coordi- 
nates, we obtain from Eq. (PD| ) and Eq.(P^ the result 

1 



<i>(p) = $ 



27rp 



^(P), 



2a 



%-i?) + — G(mp) 



(30) 



The integral in G{mp) converges for p > R ^ 0, and is logarithmic divergent for p = R. A 
numerical solution is feasible, with the result drawn in figure 3. The effective flux picture 
resembles that of effective charge in QED. Indeed, from the figure we see that the vacuum 
fluctuations lead to a screening of the flux, as a calculation of the induced magnetic field 
shows more clearly. The total induced flux at large distance is given by the limit p ^ 00 oi 
the formula 



A^p) 



d^pAl^ip) 



2^a 



G{mp), 



(31) 



>C'{p) ' ' " ■" ■ 3 TT 

and it is found to vanish due to the asymptotic behavior of G{mp) for large distances. 
As -R — i> 0, it can be shown that AJ^{xj) has an exact solution in terms of Meijer's 



G-function |TH], 



^i i^j) — ~7;z^'^~^ 



27r p^ 



a 



40F 



{mpfGti\{mpy 



1 _1 _5 

2 2 2 



(32) 



The asymptotic limits for mp << 1 and mp » 1 can be calculated from Eq. (132) (J? = 0): 



r 2a 1 

$(p) ?a $ 1 - -— In (mp) [mp « 1), (33) 



$(p) ^$[l + -^e~2mpl (^p»i). (34) 



a 
Amp 

To calculate the induced magnetic field, we use S = V x ^ for p > R, and suppose that 
the general expression for B = B^ z 'm 

B,{P) = 1^KP-R) + Bl^{p\ (35) 

BT{p) = $7(i?)5(p -R)- ^rn' F{mp), (36) 

F(mp) = / —Vz^ - l{2z^ + 1) Io{2mRz) Ko{2mpz). 



The first term on the right hand-side of Eg . (|35|) is the original magnetic field in the cylin- 
drical shell (-B3), whereas the vacuum polarization part B^^ contains a highly concentrated 
contribution on the shell of the same relative sign as -B3, together with an external contribu- 
tion in the opposite direction. In a semi-classical picture, this profile is expected since the 
lines of the induced magnetic field are closed. To determine the function 7(-R) we use that 
the total induced flux is zero. This gives 7(-R) = 3;^ G{mK). 

It is possible to use Eq.(|32D to deduce the asymptotic limits for B^^^{p) in the case i? — ;> 
and p 7^ (at p = an additional divergent contribution has to be taken into account) 

BT{P)^-P-,-, (mp«l), (37) 

dTT^ P"^ 



A-n p2 



B?{P)^- — -^ (mp»l). (38) 



IV. CONCLUSIONS 

We have calculated the order a radiative corrections, to the scattering cross section of 
an electron by an external AB potential, in first Born approximation. The second order 
Born approximation was also calculated and found to vanish, in agreement with the weak 
flux limit of the exact quantum mechanical calculation (without radiative corrections) . The 

10 



inclusive cross section, which besides the elastic scattering, also includes the soft photon 
bremsstrahlung was calculated. The "semi-classical" , radiatively corrected AB potential due 
vacuum polarization currents and using a finite radius fiux tube model was also calculated 
up to the same order. It was shown that an induced magnetic field opposite to the original 
fiux tube is induced outside, which partially screens the original field. We remark that our 
perturbative results are expected to hold for ||^| << 1. 

We would like to mention some literature which have contact with our work. Using the 
solutions of Dirac equation in the external AB potential, in reference [|l6l the processes of 



pair production and bremsstrahlung were analyzed. In [|l^ the induced vacuum current 
was obtained. In these works the external AB potential was treated in an exact way, but 
radiative corrections due to virtual photons were not included. In our approach instead, 
the AB potential was perturbatively treated but radiative corrections were also included. 
It must be observed that our induced external magnetic field can alternatively be obtained 



from the induced vacuum current of |T^, in the weak fiux limit, through the use of the 
Ampere law. It must also be observed that the soft photon bremsstrahlung cross section, 
that is part of our inclusive cross section may be get from the bremsstrahlung cross section 
of [|TB| in the weak fiux and soft photon limits. Our radiative corrections due to virtual 
photons instead, namely the contributions of the graphs in figures lb and Ic, are new and 
not included in these previous papers. 

A more complete calculation of the AB cross section, in which radiative corrections are 
perturbatively considered as corrections to the exact treatment of the AB scattering is yet 
to be done. 

LCA would like to thank the Mathematical Physics Department for their kind hospital- 
ity. This work was partially supported by Fundagao de Amparo a Pesquisa do Estado de 
Sao Paulo (FAPESP) and Conselho Nacional de Desenvolvimento Cientifico e Tecnologico 

(CNPq). 
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Figure captions 

Figure 1. Diagrams contributing to: (a) first order Born approximation , (b) vertex 
correction, (c) vacuum polarization, (d) second order Born approximation, and (e)-(f) 
bremsstrahlung process. The external field is represented by a cross. 

Figure 2. 6r for m = 0.5 MeV and AE = 0.1 E. 

Figure 3. The function G{mp), plotted for mp > 1 and mR = 1. 
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